
.

.

Latest updates: hps://dl.acm.org/doi/10.1145/3543507.3583357
.

.

RESEARCH-ARTICLE

PARROT: Position-Aware Regularized Optimal Transport for Network
Alignment

ZHICHEN ZENG, University of Illinois Urbana-Champaign, Urbana, IL, United States
.

SI ZHANG, Meta, Menlo Park, CA, United States
.

YINGLONG XIA, Meta, Menlo Park, CA, United States
.

HANGHANG TONG, University of Illinois Urbana-Champaign, Urbana, IL, United States
.

.

.

Open Access Support provided by:
.

Meta
.

University of Illinois Urbana-Champaign
.

PDF Download
3543507.3583357.pdf
04 March 2026
Total Citations: 33
Total Downloads: 1211
.

.

Published: 30 April 2023
.

.

Citation in BibTeX format
.

.

WWW '23: The ACM Web Conference
2023
April 30 - May 4, 2023
TX, Austin, USA
.

.

Conference Sponsors:
SIGWEB

WWW '23: Proceedings of the ACM Web Conference 2023 (April 2023)
hps://doi.org/10.1145/3543507.3583357

ISBN: 9781450394161

.

https://dl.acm.org
https://www.acm.org
https://libraries.acm.org/acmopen
https://dl.acm.org/doi/10.1145/3543507.3583357
https://dl.acm.org/doi/10.1145/3543507.3583357
https://dl.acm.org/profile/99660786423
https://dl.acm.org/institution/60000745
https://dl.acm.org/profile/99659061581
https://dl.acm.org/institution/60271648
https://dl.acm.org/profile/99659287414
https://dl.acm.org/institution/60271648
https://dl.acm.org/profile/81508696192
https://dl.acm.org/institution/60000745
https://libraries.acm.org/acmopen
https://dl.acm.org/institution/60271648
https://dl.acm.org/institution/60000745
https://dl.acm.org/action/exportCiteProcCitation?dois=10.1145%2F3543507.3583357&targetFile=custom-bibtex&format=bibtex
https://dl.acm.org/conference/thewebconf
https://dl.acm.org/conference/thewebconf
https://dl.acm.org/sig/sigweb
http://crossmark.crossref.org/dialog/?doi=10.1145%2F3543507.3583357&domain=pdf&date_stamp=2023-04-30


PARROT: Position-Aware Regularized Optimal Transport for 
Network Alignment 

Zhichen Zeng Si Zhang 
zhichenz@illinois.edu sizhang@meta.com 

University of Illinois at Urbana-Champaign Meta 
IL, USA CA, USA 

Yinglong Xia Hanghang Tong 
yxia@meta.com htong@illinois.edu 

Meta University of Illinois at Urbana-Champaign 
CA, USA IL, USA 

ABSTRACT 
Network alignment is a critical steppingstone behind a variety 
of multi-network mining tasks. Most of the existing methods es-
sentially optimize a Frobenius-like distance or ranking-based loss, 
ignoring the underlying geometry of graph data. Optimal trans-
port (OT), together with Wasserstein distance, has emerged to be 
a powerful approach accounting for the underlying geometry ex-
plicitly. Promising as it might be, the state-of-the-art OT-based 
alignment methods sufer from two fundamental limitations, in-
cluding (1) efectiveness due to the insufcient use of topology and 
consistency information and (2) scalability due to the non-convex 
formulation and repeated computationally costly loss calculation. 
In this paper, we propose a position-aware regularized optimal 
transport framework for network alignment named PARROT. To 
tackle the efectiveness issue, the proposed PARROT captures topol-
ogy information by random walk with restart, with three carefully 
designed consistency regularization terms. To tackle the scalability 
issue, the regularized OT problem is decomposed into a series of 
convex subproblems and can be efciently solved by the proposed 
constrained proximal point method with guaranteed convergence. 
Extensive experiments show that our algorithm achieves signifcant 
improvements in both efectiveness and scalability, outperforming 
the state-of-the-art network alignment methods and speeding up 
existing OT-based methods by up to 100 times. 

KEYWORDS 
Network alignment, optimal transport, alignment consistency 

ACM Reference Format: 
Zhichen Zeng, Si Zhang, Yinglong Xia, and Hanghang Tong. 2023. PARROT: 
Position-Aware Regularized Optimal Transport for Network Alignment. In 
Proceedings of the ACM Web Conference 2023 (WWW ’23), April 30–May 04, 
2023, Austin, TX, USA. ACM, New York, NY, USA, 11 pages. https://doi.org/ 
10.1145/3543507.3583357 

Permission to make digital or hard copies of all or part of this work for personal or 
classroom use is granted without fee provided that copies are not made or distributed 
for proft or commercial advantage and that copies bear this notice and the full citation 
on the frst page. Copyrights for components of this work owned by others than the 
author(s) must be honored. Abstracting with credit is permitted. To copy otherwise, or 
republish, to post on servers or to redistribute to lists, requires prior specifc permission 
and/or a fee. Request permissions from permissions@acm.org. 
WWW ’23, April 30–May 04, 2023, Austin, TX, USA 
© 2023 Copyright held by the owner/author(s). Publication rights licensed to ACM. 
ACM ISBN 978-1-4503-9416-1/23/04. . . $15.00 
https://doi.org/10.1145/3543507.3583357 

1 INTRODUCTION 
Mining multiple networks collected from diferent resources is an 
important task in many applications, including social network anal-
ysis, e-commerce recommendation, computer vision, and fnancial 
fraud detection [8]. A fundamental step of multi-network mining 
is to fnd the node correspondence across diferent networks, also 
known as the network alignment problem. For example, aligning 
users across diferent social networks helps improve the quality of 
online recommender systems [1]. Integrating knowledge graphs, 
such as Wikipedia and WorkNet, is essential to construct a coher-
ent knowledge base [3]. In bioinformatics, aligning tissue-specifc 
protein interaction networks improves gene prioritization [18]. 

Most existing methods, including consistency and embedding-
based methods, essentially optimize a Frobenius-like distance or 
ranking-based loss. To be specifc, consistency-based methods are 
built upon the linearity and/or consistency assumptions [44]. Most 
consistency-based methods [11, 26, 39, 40, 42], explicit or implicitly, 
assume a linear transformation between two networks and aim to 
minimize the Frobenius distance between the adjacency matrices 
of one network and the permutation of another [45]. However, it 
has been pointed out that the Frobenius distance may overlook 
the underlying geometry of graph data [14]. Embedding-based 
methods, on the other hand, aim to fnd two nonlinear projectors 
that project two networks into a unifed low-dimensional space 
where positive node pairs are close while negative node pairs are 
far away from each other, often enforced by ranking-based loss 
functions [5, 21, 41, 44]. Nevertheless, the ranking-based loss only 
addresses the relationship of positive and sampled negative node 
pairs but ignores relationships between the rest node pairs, and 
hence fails to capture the holistic structure of graph data. 

More recently, optimal transport (OT), together with Wasserstein 
distance (WD), has emerged to be a powerful approach addressing 
the underlying structure of two distributions [22]. Given a trans-
port cost measuring the distance between all sample pairs in two 
distributions, OT seeks for the best coupling, or alignment, between 
two distributions minimizing the expected cost, hence successfully 
depicting the holistic structure of two distributions. Besides, the 
OT framework can flter out noises in the cost measure and provide 
more deterministic alignment results [16, 27]. Thus, OT provides a 
potentially better approach to beneft the network alignment task. 

The existing OT-based network alignment methods can be cate-
gorized into either continuous or discrete approaches. Continuous 
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approaches [13–15] represent each graph by a multivariate Gauss-
ian distribution with a graph Laplacian-like covariance matrix, 
while discrete approaches [2, 20, 31] associate each graph with 
a discrete uniform distribution over its node set. However, most, 
if not all, of existing OT-based methods sufer from efectiveness 
and/or scalability limitations. First (efectiveness), the design of 
transport cost is crucial to the OT problem, however, most existing 
OT-based methods [2, 25, 31] only embrace node attributes or lo-
cal graph structure for cost design. Besides, the cost measure only 
depicts node relationships, while edge and neighborhood relation-
ships are largely ignored. Second (scalability), although continuous 
approaches encode graph structure by the graph Laplacian-like co-
variance matrix [13–15], the resulting problems are non-convex, in-
evitably involving gradient descent for optimization with repeated 
computationally costly loss calculation. 

In this paper, we propose a novel algorithm named PARROT 
to address the above limitations. For the efectiveness limitation, 
random walk with restart (RWR) is performed on separated and 
product graphs to encode graph topology for a position-aware 
transport cost. To incorporate alignment consistency, we neatly 
design the regularization terms for edge consistency, neighborhood 
consistency, and alignment preference. For the scalability limitation, 
we formulate the network alignment problem as a regularized OT 
problem and propose a constrained proximal point method for 
a fast solution, which, as we theoretically prove, has guaranteed 
convergence. 

The main contributions of this paper are summarized as follows: 

• Problem Formulation. We formulate the network align-
ment problem as an OT problem with alignment consistency 
regularization at multiple levels. 

• Algorithm and Analysis. We propose a fast and scalable 
algorithm named PARROT for network alignment, which, 
as we theoretically prove, has guaranteed convergence. 

• Experimental Results. We perform extensive experiments 
on both plain and attributed networks, and the results show 
that our method achieves up to 13% improvement on plain 
networks and 3% improvement on attributed networks in 
terms of MRR compared with the best competitor. Besides, 
PARROT is up to 100×+ faster than existing OT-based meth-
ods. See Figure 1 for comparison. 

The rest of the paper is organized as follows. Section 2 defnes 
the OT problem in the context of network alignment and introduces 
the preliminaries. Section 3 formulates the optimization problem. 
Section 4 presents the proposed PARROT algorithm and relevant 
analyses. Section 5 shows the experiment results. Related works 
and conclusions are given in Sections 6 and 7 respectively. 

2 PROBLEM DEFINITION 
Table 1 summarizes the main symbols and notations used through-
out the paper. We use bold uppercase letters for matrices (e.g., A), 
bold lowercase letters for vectors (e.g., s), and lowercase letters for 
scalars (e.g., �). The element at the �-th row and �-th column of a 
matrix A is denoted as A(�, �). The transpose of A is denoted by the 
superscript T (e.g., AT). An attributed network is represented by a 
triplet G = {V, A, X} where V, A, X denote the node set, adjacency 
matrix, and node attribute matrix respectively. Given two attributed 

(a) (b) 

Figure 1: Mean Reciprocal Rank (MRR) and running time 
of diferent methods. (a) Comparison with consistency and 
embedding-based methods; (b) Comparison with OT-based 
methods: numbers above bars indicate the ratio of MRR of 
baselines and that of PARROT. Our proposed PARROT (1) 
achieves much higher MRR than consistency-based methods 
(FINAL and IsoRank) with a comparable running time and (2) 
outperforms all embedding and OT-based methods in terms 
of both MRR and speed. 

Table 1: Symbols and Notations. 

Symbol Defnition 

G1, G2 input networks 
V1, V2 the sets of nodes of G1 and G2 
A1, A2 adjacency matrices of G1 and G2 
X1, X2 node attribute matrices of G1 and G2 
�� ,�� number of nodes/edges in G� 
L the set of anchor node pairs 
I, 1 an identity matrix and a column vector of all 1s 

s = vec(S) vectorization of matrix � in the column order 
D = diag(d) diagonal matrix of a vector d 

⊗ Kronecker product 
⊙ Hadamard product 
⟨·, ·⟩ inner product 
Π probabilistic coupling 
[·∥·] horizontal concatenation of vectors 

networks G1 = {V1, A1, X1} and G2 = {V2, A2, X2}, and a set of 
anchor node pairs L indicating which nodes are aligned a priori, 
the semi-supervised attributed network alignment task aims to fnd 
the best alignment matrix S ∈ R�1 ×�2 , where S(�,�) indicates how 
likely node � in V1 and node � in V2 are aligned. 

2.1 Optimal Transport 
OT has recently been revisited in various domains including image 
processing, data mining and machine learning [22]. We follow the 
Kantorovich formulation which can be formally defned in terms 
of two distributions and a cost matrix as follows: 

Definition 1. Optimal Transport and Wasserstein distance [17]. 
Given two discrete distributions �, � defned on probability simplex 
Δ1, Δ2 and a cost matrix C ∈ R�1 ×�2 measuring the distance between 
all pairs (�� , � � ) ∈ Δ1 × Δ2 across two distributions. The OT problem 
seeks for an optimal coupling/transport plan S ∈ Π(�, �) between � 
and � that minimizes the expected cost over the coupling as follows ∑ 

S = arg min C(�� , � � )S(�� , � � ) = arg min ⟨C, S⟩ (1) 
S∈Π (�,� ) �� ,� � S∈Π (�,� ) 
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Figure 2: An example of OT-based network alignment: G1, G2 
1�1 1�2

are represented as uniform distributions � = �1 
, � = �2 

on 
node sets. Bars in right boxes indicate the probability � of 
data points �� and � � in the distribution. We may calculate 
the cost matrix C and the transport plan S based on �1 norm. 

where S is the optimal transport plan and corresponding ⟨C, S⟩ is the 
Wasserstein distance between � and � . 

Remark. To adopt the OT framework for network alignment, a 
key question is how to represent networks as distributions. Figure 2 
gives an example of the OT-based network alignment. Specifcally, 
by considering nodes as samples of a distribution, the input net-
works G1, G2 can be represented as discrete uniform distributions 

1�1 1�2� = , � = over their corresponding node sets [2]. Then, �1 �2 

together with the transport cost C ∈ R�1 ×�2 , the transport plan S 
obtained by solving Eq. (1) indicates the node alignments. 

2.2 Position-aware Node Embedding 
Several recent works address the necessity of capturing node’s po-
sitional information within a network to generate position-aware 
node embeddings. P-GNN [37] encodes positional information by 
the distance between the target node and a set of landmarks, but 
sufers from the space disparity issue due to the diferent landmark 
selections of diferent graphs. BRIGHT [34] performs RWR on sep-
arated graphs and generates a unifed RWR embedding space with 
the help of anchor node pairs. By regarding anchor node pairs as 
one identical landmark in the RWR embedding space, RWRs on G1 
and G2 encode the positional information w.r.t. same landmarks, 
and hence construct a unifed RWR embedding space. 

3 OPTIMIZATION FORMULATION 
In this section, we present our regularized OT-based network align-
ment formulation. To leverage the topology information, we frst 
design a position-aware transport cost in Section 3.1. Then we in-
troduce three regularization terms to incorporate the alignment 
consistency principle into the OT framework to form a regularized 
OT-based network alignment formulation in Section 3.2. 

3.1 Position-aware Transport Cost 
The efectiveness of OT-based methods largely relies on the quality 
of the transport cost. To fully exploit multi-aspect information 
underlying multiple networks, our key idea is to exploit RWR on 
separated networks capturing intra-network topology information, 
as well as RWR on the product graph depicting cross-network 
node pair relationships. Together with node attributes, we obtain 

Figure 3: An illustrative example of RWR: (a) RWR on 
separated graphs: RWRs encode positional information 
for �1, �3 ∈ G1 and �1, �3 ∈ G2 w.r.t. the unifed land-
mark nodes �2, �2; (b) RWR on the product graph: the co-
occurrence of RWR1 = (�1, �2, �3, �1, �1) on G1 and RWR2 = 
(�1, �2, �3, �1, �3) on G2 is equivalent to the occurrence of 
RWR = ((�1, �1), (�2, �2), (�3, �3), (�1, �1), (�1, �3)) on G = G1⊗G2. 

a position-aware transport cost that simultaneously encodes both 
structural and attribute information of multiple networks. 

RWR on separated graphs can capture intra-network topology 
information w.r.t. shared landmarks [34]. An example is shown in 
Figure 3 (a). Given the �-th anchor node pair (��� 

, ��� 
) ∈ L where 

��� 
∈ V1, ��� 

∈ V2 and � = 1, · · · , |L|, the RWR score vectors 
that depict the relative positions of nodes w.r.t. the corresponding 
anchor node (e.g., nodes in V1 w.r.t. ��� 

) can be obtained by [29] 

r��� 
= (1 − �)W1r��� 

+ �e��� 
, r��� 

= (1 − �)W2r��� 
+ �e��� 

(2) 

where � is the restart probability, W1 = (D−1A1)T is the transpose 1
of the row normalized matrix of A1, e��� 

is an �1-dimensional one-
hot vector with e��� 

(��� 
) = 1, and similarly for W2, e��� 

. With 
the set of anchor node pairs L, we compute the RWR embed-

∈ R�1 ×|L | and R2ding matrices R1 ∈ R�2 ×|L | by concatenat-
ing the RWR scores w.r.t. diferent anchor node pairs via R1 = 
[r��1 

], R2 = [r��1 
∥ · ]. Note that these node em-∥ · · · ∥r�� |L| · · ∥r�� |L| 

beddings R1, R2 naturally integrate the structural information of 
each input network by RWR. To compute the transport cost, we 
further leverage node attributes X1, X2 by a linear combination 
with the cost based on RWR embeddings, which is computed by 

= ��−R1 RT 
2 + (1 − �)�−X1XT 

2 (3)Cnode 

where � is the weight parameter and Cnode (�� , � � ) describes the 
cost of transporting/aligning node �� ∈ G1 to � � ∈ G2. 

This transport cost Cnode is computed solely based upon each 
network individually, and hence may overlook the structural corre-
lations among node pairs across diferent networks. To encode this 
cross-network information, we assume that not only the aligned 
node pairs, but also their neighboring node pairs should be similar. 
To this end, instead of measuring the cost of transporting node �1 
and �1, we turn to measure the cost of transporting two synchro-
nized RWRs starting from �1 and �1. To obtain the co-occurrence 
of RWR starting from node �1 ∈ G1, named RWR1 (�1) on G1, and 
RWR2 (�1) on G2, from the view of product graph, it is equivalent 
to measure the occurrence of RWR((�1, �1)) on the product graph 
G = G1 ⊗G2. An example is given in Figure 3 (b). For simplicity, we 
denote the node pair visited at step � as �� = (�� , �� ). Given the start 
node pair �1, the RWR-level cross-network cost Crwr (�1) can be 
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Figure 4: An example of the consistency regularization. 

computed as the expected discounted sum of node cost conditioned 
on �1, that is [Cnode (�� ) |�1], along RWR on the product graph. 

Crwr (�1) = EW 

∑ 

� 

∞ 

=1 
�� −1 [Cnode (�� ) |�1] 

= (1+�)Cnode (�1) + (1−�)EW 

∑ 

� 

∞ 

=1�
� [Cnode (��+1) |�1] 

= (1+�)Cnode (�1) + (1−�)EW 

∑ 

� 

∞ 

=1�
� W [Cnode (�� ) |�1] 

= (1+�)Cnode (�1) + (1−�)�WCrwr (�1)
where � is the discounted factor of RWR and W = W2 ⊗ W1 is 
the transition matrix of the product graph G. Since vec(ABC) = 
(CT ⊗ A)vec(B), the above equation can be re-written as 

Crwr = (1 + �)Cnode + (1 − �)�W1CrwrWT 
2 (4) 

Note that Eq. (4) is known as Sylvester equation and is guaranteed 
to converge through fxed point iteration [24]. 

3.2 Consistency-regularized OT 
Most, if not all, of existing OT-based methods ignore the alignment 
consistency principle, which assumes that the alignment between 
two pairs of nodes across input networks should be consistent from 
multiple perspectives. Inspired by [4, 40], for two aligned nodes 

′ � ∈ G1, � ∈ G2 and their neighbor nodes � ∈ N(�), � ′ ∈ N (�), 
we propose three types of consistency. First, the node consistency 
assumes that aligned nodes (�,�) should be similar in terms of 
node attributes and topology. Second, the edge consistency assumes 
that if the corresponding neighbors � ′ , � ′ of �,� are likely to be 
aligned, then the edges (�, � ′), (�,� ′) are likely to exhibit similar 
relationships. For example, in Figure 4, if neighboring nodes �2, �2 
and �3, �3 are likely to be aligned respectively, then (�2, �3) and 
(�2, �3) are expected to exhibit similar intra-network relationships. 
Third, the neighborhood consistency assumes that close nodes in 
one graph are likely to match to close nodes in another graph, i.e., 
the alignment score of neighboring node pairs should be similar [4]. 
For example, in Figure 4, for neighboring nodes pairs �1, �2 ∈ G1 
and �1, �2 ∈ G2, (�1, �1) and (�2, �2) are expected to have similar 
alignment scores. 

The OT problem in Eq. (1) naturally incorporates node consis-
tency by using the transport cost matrix Crwr to re-weight the 
alignment S by element-wise product, that is∑ 

�node = Crwr (�,�)S(�,�) = ⟨Crwr, S⟩ (5) 
�,� 

In addition, for edge consistency, we integrate it with an ad-
ditional regularization term �� to emphasize the consistency of 

node pair relationships. From the view of dual graphs, where edges 
are projected as nodes and vice versa, the edge consistency can 
be interpreted as aligning edges of two networks [2]. To measure 
the intra-network relationships along edges, we compute the intra-
network dissimilarity matrices C1, C2 based on node attributes by 

C1 = �−X1X1 
T 
⊙ A1, C2 = �−X2XT 

2 ⊙ A2 (6) 
which we further use to defne the edge consistency regularization 
term as ∑ 

�� = L� (�, � ′ , �,� ′)
�,� ′ ,�,� ′ ∑ (7) 

= |C1 (�, � ′) − C2 (�,� ′) |2S(�,�)S(� ′ , � ′)
�,� 

� ′ ∈N(� ),� ′ ∈N(�) 

Note that Eq. (7) is equivalent to the Gromov-Wasserstein distance 
(GWD). Based on [23], we further derive it into an inner product 
form for fast computation as 

�� = ⟨L, S⟩

⎧L = C1
2�1� 

T 
2 
+ 1�1 �

TC2
2 − 2C1SCT 

2 (8)
where 1�1 1�2� = , � =⎨

⎩ �1 �2 

The neighborhood consistency L� (�, � ′ , �,� ′) measures the con-
sistency of alignment scores among neighboring node pairs. In 
other words, for any node pairs (�,�), we want the alignment score 
S(�,�) to be similar to the average alignment score Ŝ(�,�) among 
its neighbors. The average alignment score can be defned as ∑ 1

Ŝ(�,�) = S(� ′ , � ′)|N (�) | |N (�) | 
� ′ ∈N(� ),� ′ ∈N(�) 

= WT 
1SW2 

Bregman divergence is used to depict the distance between S and Ŝ, 
and the neighborhood consistency regularization can be defned as ∑ 

�� = L� (�, � ′ , �,� ′)
�,� ′ ,�,� ′ � �∑ S(�,�)

= S(�,�) log − S(�,�) + Ŝ(�,�) (9) 
Ŝ(�,�)�,� 

= −⟨log Ŝ, S⟩ + ⟨log S, S⟩ 
ˆThe last equation is due to 

Í 
�,� S(�,�) = 1 and 

Í 
S(�,�) = 1.�,� 

Furthermore, to exploit the supervision information L, we intro-
duce an alignment preference regularization term L� to encode prior 
alignment preference H. Here, H ∈ R�1 ×�2 is a uniform distribution 

1on anchor node pairs, i.e., H(�,�) = | L | if and only if (�,�) ∈ L. 
By using Bregman divergence to measure the distance between S 
and H, the alignment preference regularization is defned as ∑ 

�� = L� (�,�)
�,� � �∑ S(�,�)

= S(�,�) log − S(�,�) + H(�,�) (10) 
H(�,�)

�,� 

= −⟨log H, S⟩ + ⟨log S, S⟩ 
The last equation is due to 

Í 
�,� S(�,�) = 

Í 
�,� H(�,�) = 1. 
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Algorithm 1 Position-Aware Transport Cost 
Input: (1) networks G1 = {V1, A1, X1}, G2 = {V2, A2, X2}, (2) 

the set of anchor node pairs L, (3) parameter �, �,� , (4) the 
maximum iteration number � . 

Output: cross-network cost Crwr. 
1: Compute RWR scores by running Eq. (2) iteratively; 
2: Compute node-level cost Cnode by Eq. (3); 
3: Compute RWR-level cost Crwr by running Eq. (4) iteratively; 
4: return transport cost Crwr. 

At last, by combining Eq. (5)-(10), the overall consistency-regularized 
OT problem is formulated as 

min � (S) = �node + �� �� + ���� + ���� (11)
S∈Π (�,� )

where �� , ��, �� are the hyperparameters that control the impor-
tance of each regularization term. 

4 ALGORITHM AND ANALYSIS 
In this section, we present and analyze our proposed algorithm 
PARROT. In Section 4.1, we frst present the computation of the 
position-aware transport cost. Then we introduce several approxi-
mations to consistency regularization for convexity guarantee and 
the proximal operator for convergence guarantee. We further de-
compose the regularized OT into a series of convex subproblems 
that can be regarded as classic OT problems with modifed transport 
costs and propose PARROT for fast computation. Convergence and 
complexity analyses of PARROT are carried out in Section 4.2. 

4.1 PARROT: Optimization Algorithm 
The overall framework of PARROT can be divided into two parts: 
(1) calculating the position-aware transport cost based on Eq. (2)-(4), 
and (2) solving the regularized OT problem in Eq. (11). 

To compute the transport cost Crwr, we apply the fxed-point 
algorithm to iteratively update r��� 

, r��� 
and Crwr as in Eq. (2) and 

Eq. (4). Since the eigenvalues of the normalized adjacency matrices 
W1, W2 lie in [−1, 1], the convergence can be guaranteed. The 
entire computation of Crwr is summarized in Algorithm 1. 

To solve Eq. (11), we propose PARROT based on the constrained 
proximal point method for fast solution with guaranteed conver-
gence. Proximal point method is a widely adopted method to fnd 
the optimal solution to convex optimization problem. In general, 
Given a fxed convex objective function � (S) defned on the feasible 
region S, the proximal point method fnds the global optimal solu-
tion S∗ ∈ S that minimizes � (S) by generating a solution sequence 
{S(� ) }� =1,2,... to the following subproblems. 

S(� +1) = arg min � (S) + �� (� ) (12)� 
S∈S 

(� )where � is the proximal operator constraining the distance be-� 
tween two consecutive solutions for the sake of convergence. In 

(� )this work, we defne � as the Bregman divergence between S� 

and S(� ) as follows. � �∑ (� ) S(�,�)
� = S(�,�) log − S(�,�) + S(� ) (�,�)� 

�,� S(� ) (�,�) (13) 
= −⟨log S(� ) , S⟩ + ⟨log S, S⟩ 
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The last equation is due to 
Í 
�,� S(�,�) = 

Í 
�,� S(� ) (�,�) = 1. 

However, the edge consistency in Eq. (8) and neighborhood con-
sistency regularization in Eq. (9) are non-convex terms. To tackle 
the non-convexity, our key idea is two-fold: (1) subproblem decom-
position and (2) convex approximation. First (subproblem decompo-
sition), the original problem in Eq. (12) is decomposed into a series 

(� ) (� )
� � of subproblems where L(� ) in � and Ŝ (� ) in � are fxed. 

S(� +1) = arg min �� (S) + �� �
(� )
� 

S∈S (14) 
(� ) (� )

�� (S) = �node + �� �� + ���� + ���� 

where �� (S) changes along the proximal point iteration. Second 
(convex approximation), we introduce the following approxima-
tions to Eq. (8) and Eq. (9) to guarantee the convexity of �� (S). 

(� ) 
= ⟨L(� ) 2 − 2C1S(� ) CT� , S⟩ ≈ ⟨C1

2�1� 
T 

2 
+ 1�1 �

TC2
2, S⟩ (15)�

(� ) S(� )� ≈ −⟨log ˆ , S⟩ + ⟨log S, S⟩� 

Combining Eq. (14) and (15), each subproblem is formulated as 

min �� (S) + �� �� (S, S(� ) )
S∈Π (�,� ) 

S S 
= ⟨ Crwr + �� L(� ) + �� log + �� log 

S + �� log , S⟩|{z} |{z} Ŝ (� ) H S(� ) (16)| {z } | {z } | {z }node edge 
neighborhood preference proximal 

= ⟨C(� ) , S⟩ + �⟨log S, S⟩ 
where C(� ) = Crwr + �� L(� ) − �� log Ŝ (� ) − �� log H − �� log S(� ) 

and � = �� + �� + �� . Notice that C(� ) is a fxed matrix, so that each 
subproblem in Eq. (16) can be regarded as a classic OT problem 
with modifed cost C(� ) and can be efciently solve by the Sinkhorn 

algorithm [6]. Specifcally, starting with b(0) = 
1�2 , the Sinkhorn �2

algorithm computes the scaling vector by the following iteration 
� � (� ) , b(� )a = = , ∀� = 1, ..., � (17) 

�−C(� ) /�b(� −1) �−C(� )T /� a(� )
and the optimal solution can be obtained by 

S(� ) = diag(a(�) )�−C(� ) /�diag(b(�) ) (18) 
Note that the exponential term in Eq. (17) amplifes the gaps be-
tween values in C(� ) , hence providing a more deterministic, or 
noise-reduced, alignment result. In fact, the doubly-stochastic ma-
trix S(� ) will approach a hard alignment when � approaches 0 [16]. 

Although the proximal point method has guaranteed conver-
gence for a fxed convex optimization problem based on the descent 
property, i.e. � (S(� +1) ) ≤ � (S(� ) ), this is not the case in our formu-
lation as the objective �� (S) changes along the iteration. The major 
problem is that alternating the objective function may violate the 
descent property. To tackle this problem, we propose the following 
constrained proximal point method that only updates the objective 
function when the decrease property is satisfed. 

S(� +1) = arg min �� (S) + �⟨log S, S⟩ 
S∈Π (�,� ) 

⟨C(� ) , S⟩, if ⟨C(� ) , S(� ) ⟩ ≤ �� −1 (S(� ) ) 
(19) 

where �� (S) = {
�� −1 (S), otherwise 

Under such update constraint, the objective function, as we theoreti-
cally prove, is non-increasing and converges along the optimization 
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Algorithm 2 PARROT 

Input: (1) networks G1 = {V1, A1, X1}, G2 = {V2, A2, X2}, (2) 
prior alignment preference H, (3) parameters �, �,�,� , ��/�/�/� . 

Output: the alignment matrix S. 
1: Compute cross-network cost Crwr by Algorithm 1; 
2: Compute intra-network cost C1, C2 by Eq. (6); 

1�1 1�2 , S(0)3: � = , � = = � ⊗ �T, � = �� + �� + �� ;�1 �2 
4: for � = 0, 1, ...,� do 
5: Compute L(� ) by Eq. (8) and C(� ) by Eq. (16); 
6: if ⟨C(� ) , S(� ) ⟩ ≤ �� −1 (S(� ) ) then 
7: Update objective function �� (S) = ⟨C(� ) , S⟩; 
8: else 
9: Objective function stays unchanged �� (S) = �� −1 (S); 

10: end if 
(� )11: Solve S(� +1) = arg min �� (S) + �� � by Eq. (17) and (18); � 

S∈Π (�,� )
12: end for 
13: return alignment matrix S. 

process. Therefore, our proposed PARROT summarized in Algo-
rithm 2 provides a fast solution to the consistency-regularized OT 
problem with guaranteed convergence. 

4.2 Proof and Analysis 
In this subsection, we provide theoretical analyses of our proposed 
PARROT. We frst show the convergence of position-aware trans-
port cost computation (Propositions 1 and 2). Then we show the 
strict convexity of subproblems in Eq. (16) (Lemma 1) and the con-
vergence analysis of PARROT (Lemma 2 and Theorem 1). The 
complexity analysis (Theorem 2) is carried out thereafter. Without 
loss of generality, we assume that graphs share a comparable size 
(i.e., O(�1) ≈ O(�2) ≈ O(�) nodes and O(�1) ≈ O(�2) ≈ O(�)
edges). 

Proposition 1. Convergence of RWR on separated graphs. With 

1−R(� )the error tolerance � ,� = log1−� � iterations guarantee ∥R∗ ∥∞ ≤1 

2 − R(� )
� and ∥R∗ ∥∞ ≤ � .2 

Proposition 2. Convergence of RWR on the product graph. 
With the error tolerance � , � = log(1−� )� [(1 − �)�] iterations guar-

− C(� )antee ∥C∗ ∥∞ ≤ � .rwr rwr 

Lemma 1. Strict convexity of Eq. (16). The subproblem in Eq. (16) 
is strictly convex. 

Lemma 2. Convergence of proximal point method [30]. 
Given a convex objective function � (S), the solution sequence {� (S(� ) )} 
given by proximal point method is non-increasing and converges. 

Theorem 1. Convergence of PARROT. The solution sequence 
{�� (S(� ) )} given by PARROT is non-increasing and converges. 

Theorem 2. Complexity of PARROT. The overall time com-
plexity of PARROT is O(��� +� ��2), where � is the number of outer 
iterations and � is the number of inner iterations in PARROT. 

All the proofs for the above propositions, lemmas, and theorems 
are provided in Appendix A. 

5 EXPERIMENT 
We apply the proposed algorithm PARROT to the network align-
ment task and evaluate it from the following aspects: 

• Q1. How efective is the proposed PARROT in both plain and 
attributed network alignment tasks? 

• Q2. How efcient and scalable is the proposed PARROT? 
• Q3. How is the empirical convergence of PARROT? 
• Q4. To what extent does PARROT beneft from diferent 

components of our method? 

5.1 Experimental Setup 
Datasets. Our method is evaluated on both plain and attributed 
networks. The dataset statistics are shown in Table 5. Detailed 
descriptions and experimental settings are in Appendix C1. 
Baseline methods. PARROT is compared with the following meth-
ods on both attributed and plain networks under the semi-supervised 
setting, including (1) Consistency-based methods: IsoRank [26] 
and FINAL [40], and (2) Embedding-based methods: IONE [12], 
CrossMNA [5], DANA [10], REGAL [9], NetTrans [44], BRIGHT [34] 
and NeXtAlign [41]. Since many existing OT-based methods [13, 
14, 20, 32] can not scale to large networks, we evaluate two unsu-
pervised OT-based methods S-GWL [31] and GOAT [25] on the 
small Phone-Email dataset with 1,000 nodes. For a fair comparison, 
we ablated the proposed PARROT with the known anchor links as 
well as RWR on separated graphs (denoted as "PARROT (ablated)"). 
Metrics. In our experiment, we evaluate the efectiveness in terms 
of Hits@K and Mean Reciprocal Rank (MRR). Given a test node 

′ � ∈ G1, if the corresponding node � ∈ G2 is among the top-K most 
similar nodes in G2, it is regarded as a hit. For a test dataset with � 

# of hits node pairs, The Hits@K is computed by Hits@K = . MRR is � 
a widely-adopted metric computed by the average of the inverse of

1 Í� 1alignment ranking MRR = � �=1 rank( (�� ,�� ) ) . 

5.2 Efectiveness Results 
Comparison with consistency and embedding-based meth-

ods. We frst compare the alignment performance with consistency 
and embedding-based methods under the semi-supervised setting 
on both attributed and plain networks. Using 20% data as the prior 
knowledge, the results are shown in Tables 2 and 3. Compared 
with consistency-based methods, PARROT achieves up to 17% im-
provement in Hits@30 and 25% improvement in MRR on plain 
network tasks. On attributed network tasks, PARROT achieves up 
to 9% improvement in Hits@30 and 27% improvement in MRR com-
pare with the state-of-the-art. These results indicate that the OT 
framework consistently provides a better distance metric than those 
Frobenius-like distances. Besides, the improvements on plain tasks 
are even more signifcant than those on attributed tasks, indicating 
the position-aware transport cost can depict the topology infor-
mation precisely. Compared with embedding-based methods, PAR-
ROT outperforms all embedding-based methods on plain tasks and 
achieves up to 7% improvement in Hits@30 and 13% improvement 
in MRR. On attributed tasks, PARROT outperforms embedding-
based methods achieving up to 1% improvement in Hits@30 and 
3% improvement in MRR compared with the best competitor. 

1Code and datasets are available at https://github.com/zhichenz98/PARROT-WWW23. 
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Table 2: Comparison with consistency and embedding-based 
methods on plain network alignment. 

Dataset Foursquare-Twitter ACM-DBLP 

Metrics Hits@1 Hits@10 Hits@30 MRR Hits@1 Hits@10 Hits@30 MRR 

IsoRank 0.023 0.117 0.223 0.055 0.151 0.632 0.796 0.294 
IONE 0.042 0.168 0.281 0.085 0.312 0.748 0.843 0.467 
FINAL 0.051 0.238 0.342 0.110 0.193 0.692 0.832 0.353 

CrossMNA 0.000 0.036 0.119 0.015 0.082 0.646 0.795 0.238 
DANA 0.127 0.344 0.486 0.197 0.234 0.432 0.467 0.290 

BRIGHT 0.064 0.252 0.335 0.130 0.405 0.813 0.841 0.539 
NextAlign 0.102 0.277 0.371 0.224 0.403 0.816 0.870 0.585 

PARROT 0.245 0.409 0.508 0.304 0.619 0.912 0.940 0.719 

Table 3: Comparison with consistency and embedding-based 
methods on attributed network alignment. 

Dataset Cora1-Cora2 ACM(A)-DBLP(A) 
Metrics Hits@1 Hits@10 Hits@30 MRR Hits@1 Hits@10 Hits@30 MRR 

FINAL 0.710 0.881 0.907 0.773 0.397 0.833 0.925 0.541 

REGAL 0.453 0.611 0.689 0.510 0.361 0.629 0.696 0.449 
NetTrans 0.993 0.999 1.000 0.995 0.692 0.931 0.960 0.774 
BRIGHT 0.839 0.991 0.997 0.904 0.453 0.878 0.922 0.599 

NeXtAlign 0.492 0.729 0.786 0.577 0.487 0.859 0.915 0.633 

PARROT 0.996 1.000 1.000 0.998 0.721 0.960 0.971 0.806 

Table 4: Comparison with OT-based methods on plain net-
work alignment under unsupervised setting. PARROT (ab-
lated) is the unsupervised version and PARROT is the semi-

supervised version with 20% data as prior knowledge. 

Dataset Phone-Email 
Metrics Hits@1 Hits@10 Hits@30 MRR 

S-GWL 0.003 0.021 0.058 0.014 
GOAT 0.000 0.009 0.026 0.005 

PARROT (ablated) 0.043 0.314 0.649 0.131 
PARROT 0.323 0.749 0.931 0.469 

Comparison with OT-based methods. We also compare the 
alignment performance with OT-based methods. We use the unsu-
pervised PARROT (ablated) for a fair comparison and also report 
the performance of PARROT using 20% data as prior knowledge in 
Table 3. It is shown that without the anchor links/supervision, none 
of the OT-based methods in Table 4 performs well. Nonetheless, the 
proposed PARROT (ablated) still consistently outperforms both S-
GWL [31] and GOAT [25], thanks to the RWR-level cross-network 
transport cost and consistency regularization. With the additional 
supervision of anchor links and more importantly equipped with 
our RWR on separated graphs, the proposed PARROT (i.e., the 
last row of Table 4) leads to signifcant alignment performance 
improvement over both existing OT-based methods. In Section 5.4, 
we present further ablation studies to quantify the relative contri-
butions of diferent components in the proposed PARROT. 

5.3 Scalability Results 
We compare the running time of the proposed PARROT with that of 
S-GWL [31] and GOAT [25], and results are shown in Figure 5. Note 
that the numbers above the blue/green curves are the ratios of MRR 
of S-GWL/GOAT to that of PARROT. For example, for networks 
with 20,000 edges, PARROT runs 100 times faster than S-GWL 
while S-GWL’s MRR is only 37% of that of PARROT, and PARROT 
runs 5 times faster than GOAT while GOAT’s MRR is about 56% 
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Figure 5: Scalability analysis: numbers over curves indicate 
the ratio of MRR of baseline methods and that of PARROT. 

of PARROT. Under 600-second running time limit, PARROT can 
process networks 6 times the size of S-GWL and twice the size of 
GOAT. Combining with the efectiveness comparison in Table 4, 
we conclude that the proposed PARROT improves the existing OT-
based methods in both efectiveness and scalability (up to 100×+ 
speed-up). 

5.4 Convergence Results 
We evaluate the convergence of the proposed PARROT in terms of 

∥S(� ) −the diference between two consecutive solutions ΔS(� ) = 
S(� −1) ∥1 and the values of the objective function �� (S(� ) ). Results 
given in Figure 6 show that the solution and the objective function 
generated by PARROT converges along the optimization process. 

(a) (b) 

Figure 6: Convergence analysis. (a) Diference between con-
secutive solutions; (b) Values of the objective function. 

5.5 Analysis of the Method 
Hyperparameter sensitivity study. We analyze how the align-
ment performance varies with diferent hyperparameters. We frst 
analyze regularization parameters (�� , ��, �� , �� ) by varying be-
tween 0.1 to 10 times of the default value. Then we analyze ratio 
parameters (�, �,� ) with values from {0.1, 0.2, 0.5, 0.7, 0.9}. Results 
are shown in Figure 7. It shown that our method is robust to hyper-
parameters in a relatively wide range. 
Ablation study on regularization. To evaluate the efectiveness 
of our proposed consistency regularization, we use PARROT with-
out any regularization as baseline and compare the performance 
of each regularization (edge/neighborhood/preference) on difer-
ent datasets. Results are shown in Figure 8. Compared with the 
baseline, all regularization terms can boost the alignment perfor-
mance. The edge consistency leads to the largest improvement. As 
stated before, node consistency and edge consistency are mutually 
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(a) (b) 

Figure 7: Hyperparameter study on ACM-DBLP: (a) Study on 
regularization parameters; (b) Study on ratio parameters. 

Figure 8: Study on consistency regularization. 

complementary which forces the OT framework to align nodes 
and edges simultaneously. Besides, the neighborhood consistency 
and alignment preference also improve the performance to some 
extent. Therefore, this ablation study validates the necessities of 
introducing consistency regularization to the OT framework. 

6 RELATED WORK 
In this section, we review the related work, which can be categorized 
into two groups: network alignment and optimal transport. 

6.1 Network Alignment 
Most existing network alignment methods can be categorized into 
consistency-based and embedding-based methods. Consistency-
based methods are built upon the linearity and/or consistency as-
sumptions. The linearity assumption assumes a noisy permutation 
P between two networks forming a Frobenius-like objective [11, 38]. 
Some variants address the network alignment problem from the 
view of alignment consistency. IsoRank [26] propagates node simi-
larities on the product graph to achieve topology consistency. FI-
NAL [40] further integrates node, edge, and topology consistency to 
deal with attributed networks. Although consistency-based meth-
ods address neighborhood topology and attribute consistency, the 
global structure is often under-exploited. Besides, the consistency 
assumption may be violated due to network disparity [41]. 

Another line of work is based on node embeddings. These meth-
ods aim to fnd informative low-dimensional node embeddings that 
(1) preserve the topology information of each network and (2) make 
anchor node pairs as close as possible [33, 34]. To achieve these 
two goals, IONE [12] adopts the follower/followee-ship to generate 
embeddings preserving node proximities. REGAL [9] learns efec-
tive and low-variance node embeddings via cross-network matrix 
factorization. CrossMNA [5] utilizes diverse embeddings to address 
global/intra/inter-network features. NetTrans [44] handles network 

alignment from the view of network transformation. BRIGHT [34] 
and FITO [35] generate position embeddings via the random walk 
with restart to tackle the space disparity issue. DANA [10] and 
RNA [47] study the network alignment problem via adversarial 
learning to obtain robust alignments. Several recent works focus 
on augmenting dataset for model training. Attent [46] involves 
human in loop for data labeling via active learning. NeXtAlign [41] 
studies the negative sampling strategy to achieve a balance between 
alignment consistency and disparity. CPUGA [21] introduces a non-
sampling schema that progressively selects and utilizes trusty node 
pairs for model training. The advantage of embedding-based meth-
ods comes from the power of nonlinear functions, at the cost of the 
computationally expensive training processes whose convergence 
guarantee is intractable. Besides, embedding-based methods may 
introduce the space disparity issue [41, 44]. 

6.2 Optimal Transport 
OT is recently introduced to cope with network alignment and com-
parison tasks. The idea is to represent graphs as distributions and 
optimize for distribution matching via minimizing the cost of trans-
porting one distribution to another [2]. EMD [19] performs OT on 
eigenvector-based node embeddings for alignment. GOT1 [14] and 
fGOT [13] use Gaussian distribution w.r.t. diferent graph kernels 
for graph representation, and apply stochastic gradient descent to 
fnd the solution. GOT2 [2] utilizes WD and GWD to address both 
node and edge correspondence. S-GWL [31] aligns two networks 
based on the GWD discrepancy. More recently, GraphOTC [20] 
performs OT on stationary Markov chains for network alignment 
and comparison. GOAT [25] attempts to handle the scalability is-
sue by taking advantage of the Sinkhorn algorithm [6]. Though 
great progress has been made, most existing OT-based methods 
demand repeated computationally expensive loss calculations and 
bear relatively poor scalability. Besides, existing OT-based methods 
do not fully make use of topology information and hardly address 
the alignment consistency principle. These limitations collectively 
lead to relatively poor efectiveness and scalability. 

7 CONCLUSION 
In this paper, we study the semi-supervised network alignment 
problem from the view of optimal transport (OT). The OT frame-
work provides a better distance measure (WD) capturing the un-
derlying structure of graph data, compared with the Frobenius-
like distance or ranking-based loss behind the existing consistency 
and embedding-based methods. To overcome the efectiveness and 
scalability issues of existing OT-based methods, we introduce a 
position-aware transport cost to capture topology information and 
consistency regularization to address the alignment consistency 
principle. We further decompose the regularized OT problem into a 
series of convex subproblems that can be efciently solved by a scal-
able algorithm named PARROT based on the constrained proximal 
point method, with guaranteed convergence. Extensive experiments 
show that PARROT signifcantly outperforms the state-of-the-art. 
Specifcally, the proposed PARROT is up to 3% - 13% better than the 
best competitor among consistency and embedding-based methods 
and runs 100×+ faster than existing OT-based methods. 
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A PROOF 

A.1 Proof of Proposition 1 
Proposition. Convergence of RWR on separated graphs. 

With the error tolerance � , � = log1−� � iterations guarantee ∥R1 
∗ − 

R(� ) 
2 − R(� )∥∞ ≤ � and ∥R∗ ∥∞ ≤ � .1 2 

Proof. RWR on separated graphs aims to fnd the fxed point 
solution to Eq. (2), or in the matrix form, R1 = (1 − �)W1R1 + �e1. 
By denoting the initial solution as R(0) , fxed point solution as R1 

∗ ,1 

and solution at the �-th iteration as R1
(� ) , we have: 

∥R1 
∗ − R(� ) ∥∞ = (1 − �)W1R1 

∗ − (1 − �)W1R
(� −1)

1 1‖ ‖∞ 

Since W1 is the transpose of the row normalized adjacency matrix 
with ∥W1 ∥∞ ≤ 1, we have: 

1 − R(� ) 1 − R(� −1)∥R∗ ∥∞ ≤ (1 − �)∥R∗ ∥∞1 1 

≤ (1 − �)� ∥R1 
∗ − R(0) ∥∞1 

Due to ∥R(0) ∥∞ ≤ 1 and ∥R∗ 1 ∥∞ ≤ 1, we have1 

1 − R(� ) ∥∞ ≤ (1 − �)� ∥R∗ 1 

1 − R(� )Therefore, � = log1−� � iterations guarantee ∥R∗ ∥ ≤ � .1 
Similar proof can be derived for R2. We omitted here for brevity. □ 

A.2 Proof of Proposition 2 
Proposition. Convergence of RWR on the product graph. 

With the error tolerance � , � = log(1−� )� [(1 − �)�] iterations guar-
− C(� )antee ∥C∗ ∥∞ ≤ � .cross cross 

Proof. Similar to the proof of Proposition 1, with the initial 
solution C(0) 

cross and the solution atcross, the fxed point solution C∗ 

the �-th iteration as C(� )cross, we have 

∥C∗ cross ∥∞ ≤ [(1 − �)�]� ∥C∗ cross ∥∞cross − C(� ) cross − C(0) 

Since we adopt the exponential of the negative cosine similarity to 
calculate Cnode with its infnite norm less than or equal to 1, we 
have ∑ ∑ 
C∗ .cross = EW 

∞ 

�� −1Cnode (�� ) ≤ EW 

∞ 

�� −1 ∥Cnode ∥∞ ≤ 
1 

1 − � 
�=1 �=1 

By combining the above two inequalities, we have 

(1 − �)��� ∥C∗ cross ∥∞ ≤cross − C(� ) 1 − � 

Therefore, � = log(1−� )� [(1 − �)�] iterations guarantee ∥C∗ cross − 

C(� )
□cross ∥∞ ≤ � . 

A.3 Proof of Lemma 1 
Lemma. Strict convexity of Eq. (16). The subproblem in Eq. (16) 

is strictly convex. 

Proof. Since the C(� ) is a fxed matrix, the second derivative 
of the inner product ⟨C(� ) , S⟩ w.r.t. S equals to zero. Therefore, we 
only need to focus on the convexity of ⟨log S, S⟩. 

For ⟨log S, S⟩, its second derivative w.r.t. S can be computed as 
follows. 

1 ∇2 
S ⟨log S, S⟩ = diag ( )vec(S)

Since all entries of the alignment score S are positive, the second 
derivative ∇S 

2 ⟨log S, S⟩ is a positive defnite matrix and ⟨log S, S⟩ is 
strictly convex. Therefore, the consistency-regularized OT problem 
is strictly convex. □ 

A.4 Proof of Lemma 2 
Lemma. Convergence of proximal point method [30]. Given 

a convex objective function � (S), the solution sequence {� (S(� ) )}
generated by the proximal point method is non-increasing. 

Proof. The frst-order optimality condition of Eq. (12) can be 
written as:

( ) h i 
S − S(� +1) 

T 
∇� (S(� +1) ) + �∇� (� ) ≥ 0, ∀S ∈ S� 

The convexity of � can be written as:
( )
S − S(�+1) 

T 
∇� (S(� +1) ) ≤ � (S) − � (S(� +1) ), ∀S ∈ S 

Combine the above two inequality and set S = S(� ) , we have: 

� (S(� +1) ) ≤ � (S(� ) ) + � S(� ) − S(� +1)
( )T 

(1�1 ×�2 + log 
S(t) )
S(� ) 

� (S(� ) )= 

The last equation is based on the fact that S(� ) , S(� +1) ∈ Π(�, �),( )
S(� ) − S(�+1)so that 

T 
1�1 ×�2 = 0�1 ×�2 . Therefore, the solution 

sequence {� (S(� ) )} is non-increasing, i.e. � (S(� +1) ) ≤ � (S(� ) ), and 
converges as lim � (S(� ) ) ≤ � (S), ∀S ∈ Π(�, �). □ 

� →∞ 

A.5 Proof of Theorem 1 
Theorem. Convergence of PARROT. The solution sequence 

{�� (S(� ) )} generated by PARROT is non-increasing and converges. 

Proof. The constrained proximal point method can be divided 
into two cases: (1) �� (S) stays unchanged when ⟨C(� ) , S(� ) ⟩ > 
�� −1 (S(� ) ), and (2) �� (S) = ⟨C(� ) , S⟩ when ⟨C(� ) , S(� ) ⟩ ≤ �� −1 (S(� ) ). 

For case (1), consecutive iterations � and � + 1 are optimizing the 
same objective function based on proximal point method. According 
to Lemma 1 and 2, we have: 

�� (S(� ) ) = �� −1 (S(� ) ) ≤ �� −1 (S(� −1) ) 

For case (2), according to the constraint, we have: 

�� (S(� ) ) = ⟨C(� ) , S(� ) ⟩ ≤ �� −1 (S(� ) ) 

Further based on Lemma 1 and 2 that �� −1 (S(� ) ) ≤ �� −1 (S(� −1) ), 
we conclude that �� (S(� ) ) ≤ �� −1 (S(� −1) ) in case (2). 

Therefore, the solution sequence {�� (S(� ) )} given by the con-
straint proximal point method is non-increasing and converges as 
lim �� (S(� ) ) ≤ �� (S(� ) ), ∀� = 0, 1, 2, . . . . □ 

� →∞ 
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Figure 9: Visualization of the OT mapping on the Phone-
Email dataset. Darker the pixel, lower the value. 

A.6 Proof of Theorem 2 
Theorem. Complexity of PARROT. The overall time complex-

ity of PARROT is O(��� + � ��2), where � is the number of outer 
iterations and � is the number of inner iterations in PARROT. 

Proof. Since W1 and W2 are sparse matrices with O(�) non-
zero entries, the complexity of RWR calculation in Eq. (2) and 
Eq. (4) are O(��).2 For the constrained proximal point method in 
Algorithm 2, since C1, C2 and W1, W2 are sparse matrices with 
O(�) non-zero entries the complexity for calculating L(� ) and C(� ) 

are O(��) per outer iteration. Solving each subproblem by Eq. (17) 
is O(�2) per inner iteration. Therefore, with � outer iterations 
and � inner iterations, the overall time complexity of PARROT is 
O(��� + � ��2). □ 

B VISUALIZATION OF OT MAPPINGS 
We provide the visualization of the learned OT mapping between 
the frst 100 nodes in the Phone-Email dataset in Figure 9. The 
groundtruth alignment is the diagonal matrix (i.e., the �-th node 
in G1 is aligned to the �-th node in G2). We reverse the values in 
the cost matrix so that higher the value (brighter the pixel), the 
more likely two nodes are aligned. It is shown that the cost matrix 
is a noisy matrix of the groundtruth alignment, while PARROT 
produces a denoised alignment matrix that is consistent with the 
groundtruth alignment. 

C REPRODUCIBILITY 
Dataset Descriptions. The datasets used in our experiments in-
clude: 

• Foursquare-Twitter [38]: Two online social networks with 
nodes as users and edges as friendships. Foursquare network 
includes 5,313 nodes and 54,233 edges. Twitter network in-
cludes 5,120 nodes and 130,575 edges. Both networks are 
plain networks. There are 1,609 common users across two 
networks. 

• ACM-DBLP [28]: Two co-authorship networks of the ACM 
Digital library and DBLP bibliography. Nodes represent au-
thors and an edge exists between two authors if they are 
co-author for at least one publication. ACM co-author net-
work includes 9,916 nodes and 44,808 edges. DBLP co-author 

2Using the recent advancement of faster Sylvester Equation solver, such as implicit 
Krylov subspace methods [7], it is possible to reduce this cost to be linear in �. 
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Table 5: Dataset Summary. 

Scenarios Networks # nodes # edges # attributes 

Foursquare 5,313 54,233 0 
Twitter 5,120 130,575 0 

Plain ACM 9,872 39,561 0 
DBLP 9,916 44,808 0 

Phone 1,000 41,191 0 
Email 1,003 4,627 0 

ACM(A) 9,872 39,561 17 
DBLP(A) 9,916 44,808 17Attributed 
Cora1 2,708 6,334 1,433 
Cora2 2,708 4,542 1,433 

network includes 9,872 nodes and 39,561 edges. Both net-
works are attributed networks where attributes indicate the 
number of papers that are published in diferent venues by 
that author. There are 6,325 common authors across two 
networks. In our experiment, we use ACM(A)/DBLP(A) to 
denote the dataset with node attributes and ACM/DBLP to 
denote the dataset without node attributes. 

• Phone-Email [43]: Two communication networks among 
people via phone or email. Nodes represent people and an 
edge exists between two people if they communicate via 
phone or email at least once. Phone network includes 1,000 
nodes and 41,191 edges. Email network includes 1,003 nodes 
and 4,627 edges. Both networks are plain networks. There 
are 1,000 common people across two networks. 

• Cora1-Cora2 [36]: A citation network with nodes as publi-
cations and edges as citations among publications. Cora1 
and Cora2 are two permuted networks with noise added. 
More specifcally, 10% edges are frst added to Cora1 and 15% 
edges are removed from Cora2 thereafter. Cora1 includes 
2,708 nodes and 6,334 edges. Cora2 includes 2,708 nodes and 
4,542 edges. Both networks are attributed networks where 
node attributes are binary feature vector represented by bag-
of-words. There are 2,708 common publications across two 
networks. 

Dataset statistics are shown in Table 5. In our experiments, we use 
20% ground-truth as the prior knowledge/training data and test on 
the rest of the ground-truth. 
Machine confguration and code. The proposed method is im-
plemented in MATLAB. We use an Apple M1 chip with 16 GB RAM 
to run PARROT, IsoRank, FINAL, and OT-based methods. We use 
NVIDIA Tesla V100 SXM2 as GPU for embedding-based methods. 
Hyperparameters settings. An overview of hyperparameters 
settings for our experiments is shown in Table 6. 

Table 6: Hyperparameters settings 

Dataset �� �� �� �� � � � 

Foursquare-Twitter 3e-6 5e-3 5e-4 1e-3 0.5 0.15 0.8 
ACM-DBLP 1e-5 4e-4 1e-2 1e-3 0.1 0.5 0.9 
Phone-Email 2e-5 5e-3 5e-4 5e-4 0.5 0.15 0.7 

ACM(A)-DBLP(A) 5e-5 1e-2 1e-2 1e-1 0.1 0.15 0.2 
Cora1-Cora2 1e-6 1e-2 2e-3 2e-3 0.5 0.3 0.2 
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